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Motivation: compositional data

Simplex: SK := {x ∈ RK+ :
∑K
i=1 xi = 1}

Background: shortcomings of the
Dirichlet

Definition: x ∼ Dirichlet(α) if x ∈ SK with
density:

p(x;α) =
1

B(α)

K∏
i=1

xαi−1i . (1)

I Extrema. log p(x;α)→ ±∞ as xj → 0.
∴ log-likelihood is undefined in the presence of
zeros.

I Bias. Re-write the density in canonical form
p(x;α) =

h(x) exp
(∑K

i=1αi log xi−A(α)
)

.

By theory of exponential families, MLE is
unbiased for E log xj.
∴ MLE is biased for the mean µj = Exj.

I Flexibility. If x0 ∈ SK is a single datapoint,
then log p(x0;α)→∞ as α→∞ along
α = kx0.
∴ the Dirichlet log-likelihood is ill-behaved
under flexible predictive models (e.g. GLMs,
neural networks).

Solution: the continuous categorical

Definition: x ∈ SK follows a continuous categorical (CC) distribution with
parameter λ ∈ SK if:

x ∼ CC(λ) ⇐⇒ p(x;λ) ∝
K∏
i=1

λxii

I Extrema. log p(x;λ) is finite at the extrema of the simplex.
∴ log-likelihood is well-defined in the presence of zeros.

I Bias. Re-write the CC density in canonical form

p(x;λ) ∝ exp
(∑K

i=1 log(λi) · xi
)

.

∴ by theory of exponential families, MLE is unbiased for the mean
µj = Exj.

I Flexibility. The CC density is convex in x.
∴ cannot represent interior modes, cannot concentrate mass on interior
points and log-likelihood does not diverge.

Related distributions

Experiments: election data
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Experiments: knowledge distillation
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